
portion of the pool-loss distribution within the given tranche’s attachment
and detachment points. In this respect, the conditional pool losses are
translated directly into tranche losses, allowing us to efficiently arrive at
expected tranche losses. Numerical integration is then used on the single
credit driver for unconditioning the expected tranche losses. It should be
noted that while a compound Poisson distribution has been used in actu-
arial science for many years to estimate claim distributions (see, for ex-
ample, section 6.5 in Panjer & Willmot, 1992), to our knowledge our
approach represents the first practical application of this distribution to a
credit-related pricing problem involving pool default-loss distributions.

We summarise our assumptions and computational steps in our ap-
proach, and indicate some possible extensions, in the box below.

The rest of this article is organised as follows. In the next section, we
describe the pricing of CDO tranches, by deriving quantitative versions
of their balance equations. Following that, we describe the dependence
structure used for modelling correlated default events. To simplify the
notation, we restrict attention to a single-factor Gaussian model (exten-
sions to a multi-factor Gaussian model are indicated in the box). Then
we present our new analytical method for valuing CDOs. Following that,
we present the results of some numerical experiments that compare the
accuracy and performance of our new method with conventional ana-
lytical and Monte Carlo methods. Finally, we provide an overview of
some other analytical methods for valuing synthetic CDOs based on the
same model.

In principle, a synthetic collateralised debt obligation (CDO) can be val-
ued by Monte Carlo methods. This is perhaps the most common ap-
proach used by practitioners today. The problem is that Monte Carlo

methods usually take a significant amount of time to achieve the required
accuracy. Hence, while such methods may lend themselves to pricing and
structuring, they are not appropriate for risk management where simula-
tion and stress testing on tranche values are required. In fact, nesting a
second level of simulation, for pricing, within the risk management simu-
lation represents a performance challenge.

For this reason, many papers have been produced over the past few
years describing analytical approaches to the valuation of CDOs. Although
such approaches differ slightly based on their underlying techniques and
assumptions, almost all approaches to date are similar in having focused
on first determining the reference pool’s entire loss distribution before valu-
ing the CDO tranches. Such approaches have both memory and perfor-
mance deficiencies, especially if investors only own a single tranche of the
CDO. Our approach addresses these memory and performance issues by
focusing directly on the valuation of individual tranches, bypassing the
need to determine the complete pool-loss distribution. The end result is a
much faster algorithm in the common case where investors own only one
or two tranches in a given CDO.

In brief, our approach uses a single Gaussian credit driver to condition
pool default behaviour. Using a compound Poisson distribution for esti-
mating conditional pool losses, we are then able to focus strictly on the
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Loss in translation
Ben De Prisco, Ian Iscoe and Alex Kreinin introduce a new analytical approach for valuing
synthetic collateralised debt obligations. The approach differs from current analytical approaches
by focusing on the tranche’s loss distribution directly, as opposed to a preliminary determination
of the entire pool’s loss distribution. Using a compound Poisson approximation, the pool’s losses
are translated directly into the tranche’s losses. The result is a more efficient valuation – both in
terms of memory and speed – for investors owning few tranches in the overall pool

� Assumptions about the pool
1. Recovery rates are deterministic but can vary from name to name,
as can the (unadjusted) notionals.
2. Default correlations can vary from name to name.
3. Default term structure can vary from name to name.
� Assumptions about the default model
1. Defaults correlated through a single Gaussian factor (credit driver).
2. Conditional independence of defaults, given a credit-driver scenario.
� Assumptions about the CDO contract
1. There is no replacement of reference names upon default.
2. Compensation for losses is only made at premium dates, so losses
are present-valued from those dates and not at the default times.
� Summary of computations
1. At each time step, for each credit-driver scenario, the pool-loss dis-
tribution is approximated, conditional on the scenario, by a (com-
pound) Poisson distribution, using the proposition or theorem, as
appropriate.
2. Conditional expected tranche losses are calculated (with the aid of
the fast Fourier transform, in the compound case), using (14) or (17),
as appropriate.
3. Unconditional results are obtained by numerical integration (8)

against the distribution of the credit driver.
4. Unconditional tranche value or premium calculated algebraically by
combining the results of the previous step across time periods, as in
(5) or (6).
� Extensions
1. Distributions other than the Gaussian one can be used for the
credit driver. The main concern is the efficiency of the choice of
numerical integration procedure that must eventually be applied. In
the conditional-independence framework, the computational time is
essentially proportional to the number of integration nodes.
2. The extension to a multi-factor Gaussian model (multiple credit dri-
vers) is immediate from the theoretical standpoint. Only the argument
of Φ in (7) would change slightly, as the numerical integration would
be multi-dimensional (see Iscoe & Kreinin, 2004, for details).
However, there are performance implications with any analytical
method involving multiple credit drivers. Even with only 14 integration
nodes per dimension, the computation time rapidly increases with
the dimension, so that with four credit drivers, Monte Carlo pricing
becomes competitive. Finding an efficient, Gaussian numerical quad-
rature in multiple dimensions (beyond two or three) would be a pre-
requisite to a practical implementation of any analytical method. ■

Summary of method and extensions



Contract structure and balance equation
A synthetic CDO is a credit derivative whose underlying collateral is a port-
folio (or pool) of credit default swaps (CDSs). To offset the pool owner’s
risk from these default swaps, part of their premiums is allocated to a col-
lection of securities called tranches of the CDO. There is a priority scheme
for the tranches to absorb the pool losses, up to a fixed, maximum amount
for each tranche. Losses are based on the recovery-adjusted CDS notional
values. The buyer of one or more of these tranches sells partial protection
to the pool owner, by agreeing to absorb up to the set amount of the pool’s
losses, in exchange for periodic premium payments.

Let t1, t2, ... , tn = T denote the premium dates, with T denoting the ma-
turity of the CDO; t0 will denote today (it is possible that t0 = t1, that is,
when the contract’s effective date is in the past). Let di denote the discount
factor corresponding to ti, 1 ≤ i ≤ n.

The pool is comprised of K names. Denote by N(k)(1 ≤ k ≤ K) the re-
covery-adjusted notional associated with each name. In our article, a pool
of names having identical recovery-adjusted notionals, identical default cor-
relations and identical risk-neutral default probabilities is termed completely
homogeneous. If only the recovery-adjusted notionals are identical, then
the pool is termed homogeneous. In all other cases, the pool is termed het-
erogeneous. We impose the condition that there is no replacement of the
underlying reference names for any reason, in particular upon default.

The CDO consists of J tranches, into which the pool’s losses are ab-
sorbed in accordance with the size and seniority of the tranches. The size
of tranche j, (0 ≤ j ≤ J – 1), in monetary units, is S(j) = u(j) – �(j), where �(j)

is referred to as the attachment point of the tranche and u(j) = �(j + 1) is re-
ferred to as the detachment point. Denote by Li the pool’s cumulative loss-
es up to time ti. Then tranche j absorbs an amount, L(j)

i  , of those losses:

(1)

Thus the tranche losses, L(j)
i  , are non-linear functions, say ψ(j), of the pool

losses Li: L(j)
i  , = ψ(j)(Li), where:

(2)

The graph of ψ(j) is sketched in figure 1.
Since our focus is on the valuation of single tranches, we will hence-

forth omit the superscript j in our notation, and write simply � and u for
the attachment and detachment points, S for the tranche thickness, etc.

In general, valuation of a CDO tranche is based on a balance equation
that can be expressed, at a high level, as follows:

(3)

Denoting risk-neutral expectation by E, the balance equation can be rep-
resented quantitatively as:

Expectation of discounted premium payments

Expectation of discou= nnted credit losses

ψ j j j
l S l( ) ( ) ( )( ) = −( )( )min ,max ,� 0

L Si
j j

i
j( ) ( ) ( )= −( )( )min ,max ,L � 0

(4)

Since Li represents the cumulative tranche losses, the difference Li – Li – 1
is the losses absorbed by the tranche in the interval (ti – 1, ti]. Therefore,
the right-hand side of (4) represents the mean discounted losses of the
tranche during the lifetime of the contract. The credit risk premium, si, paid
by the tranche seller, depends on the monetary value of the pool assets
for the names surviving up to time ti, (1 ≤ i ≤ n). Therefore, the left-hand
side of (4) represents the mean discounted premium payment over the life-
time of the contract.

We can use (4) for pricing the CDO tranche (that is, calculating the re-
quired constant premium) by:

(5)

Alternatively, in the case where premiums are already set, we can use (4)
for valuing a CDO tranche as the difference between the left- and right-
hand sides:

(6)

In either case, the problem is reduced to the computation of the mean ab-
sorbed losses, E[Li]. For that, we must specify the default model, which
is the topic of the next section.

Conditional independence framework
To calculate the expected values in (5) and (6), we have to specify a de-
fault process and explicitly define the correlation structure of the default
events.

A multi-factor, Gaussian copula model has become the most popular
among practitioners. It was introduced first in the credit risk framework by
Vasicek (1987) in the one-factor setting and later generalised by different
authors in Andersen, Basu & Sidenius (2003), Gordy & Jones (2003), Hull
& White (2003), Iscoe, Kreinin & Rosen (1999), Laurent & Gregory (2003),
Schönbucher (2003) and Bielecki & Rutkowski (2002). We specify the de-
fault process using this one-factor model in which the correlation of the
names is effected through a single, standard Gaussian credit driver. De-
fault events are simulated, independently in each credit-driver scenario, as
the first crossing time of a barrier (see Hull & White, 2003, and Iscoe &
Kreinin, 2004).

In this framework, the risk-neutral default probabilities describing the
default-time distribution of the kth name can be bootstrapped from the
credit spreads of CDSs (see, for example, pages 207–208 in Lando, 2004).
We denote the unconditional, risk-neutral, default-time (cumulative) dis-
tribution of the kth name by π̂(k)

i : π̂(k)
i = P(τ(k) ≤ ti).

Conditional on a value x of the credit driver, the risk-neutral default-
time distribution is given by:

(7)

for which ∫∞–∞π̂
(k)
i   (x)dΦ(x) = π̂(k)

i   . Here Φ denotes the standard normal cu-
mulative distribution function and Φ–1 denotes its inverse function. We set_
π(k)

i (x) = 1– π̂(k)
i   (x).

In our framework, the default events of the names are, by fiat, condi-
tionally independent. (Together with (7), this suffices for the specification
of the correlated default model.) This assumption allows us to reduce com-
putations to the case of independent names. Also, the mean tranche loss
satisfies the relation:
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1. Tranche loss function, ψψ(j), j > 0, as a
function of the pool loss, l

S(j)

ψ(j)(l)

0 �(j) u(j) ≡ �(j + 1) l



of K even as low as 10. It is this Poisson approximation, for large pools,
that can be generalised to the heterogeneous case.
■■ Homogeneous case. Before proceeding to the general case, in order
to make use of the Poisson approximation, we return to the derivation (9),
inserting an intermediate conditioning on ν to bring it explicitly into the
picture:

(13)

where the symbol N is used as a possible recovery-adjusted notional amount
(individual or aggregate), in this and the next subsection.

The nature of the function ψ is simple enough. The work in making
(13) more concrete consists of finding approximations for P(ν = m) and
P(L = N |ν = m). We can do that fairly quickly, without introducing any
new constructs, for an intermediate case: a homogeneous pool (the re-
covery-adjusted notionals are common but default probabilities may vary
from name to name).

Denoting:

we have the following generalisation of the previous Poisson approximation.
■ Proposition. For a large pool (K large) with N (k) ≡ N (1) for all k: for
fixed i = 1, 2, ... , n, the pool’s cumulative losses, L, up to time, ti, are given
by L = N (1)ν where ν, the number of defaults in the pool up to time ti, is
approximately conditionally Poisson distributed under P (that is, condi-
tional on a credit-driver scenario):

The conditional expected cumulative losses absorbed by a tranche, up to
time ti, is:

(14)

■■ Heterogeneous case. To extend this result to the general heteroge-
neous case, we need the following additional notation:

In general, the function f(N) is a probability mass function with respect to
N. (In the case where π̂(k) does not depend on k, f is simply the relative
frequency of the notional values and does not depend on x. Also, ̂λ = Kπ̂(1),
in this case.) The relevance of f to our pricing problem is that it approxi-
mates (assuming that all 

_
π(k) are very close to one) the conditional proba-

bility that the pool loss is of size N, given that there has been only one
default:

Given that there has been exactly one default, the pool loss amounts to a
single notional, but as we do not know who defaulted, in the heteroge-
neous case there is still some randomness left; f captures (approximately)
that randomness.

More generally, it can be shown that:

under a similar assumption on 
_
π(k), where f *m denotes the m-fold convo-

lution of f with itself, as a probability mass function. As such, given that
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where Ex denotes mathematical expectation, conditional on X = x. There-
fore, it suffices to calculate the conditional tranche losses.

Poisson pricing
It was observed earlier, from the formulas (5) and (6), that the basic quan-
tities that must be calculated are E[Li]. We begin the description of our ap-
proach with some general, preliminary results and important observations,
which do not require that the pool be large. We will then treat a succes-
sion of cases of increasing complexity, starting with the completely ho-
mogeneous case and moving towards the heterogeneous case.

By conditioning on a credit-driver scenario, x, we reduce the calcula-
tion of ELi to ExLi: ELi = ∫∞–∞ExLidΦ(x). Having made this reduction, we
will henceforth suppress the fixed scenario, x, as well as the subscript i
(indexing the fixed premium date), from our notation.

Now, L = ψ(L), where the function ψ was defined in (2). So, since ψ(l)
is zero for l ≤ � and has constant value, S, for l ≥ u:

(9)

(10)

The first term in the last line of the derivation is the contribution to the
tranche’s mean loss from the ‘ramp’ in the graph of ψ (see figure 1). The
second term is the contribution from the ‘plateau’. This method of evalu-
ating E[L] makes its dependence on the (conditional) distribution of L very
explicit. It also stresses that it is not necessary to pre-compute the entire
pool-loss distribution, since the minimal, pertinent range of values l de-
pends only on the notional values in the pool and on the particular tranche
attachment and detachment points, � and u. An expression similar to (10),
was used in Anderson, Basu & Sidenius (2003).
■■ Completely homogeneous case. To motivate the large-pool approx-
imation, we begin with a very simple case: a completely homogeneous
pool. Although somewhat artificial, it does serve as a vehicle for explain-
ing the basic idea. It also provides a benchmark for comparison with other
methods, both for accuracy and performance.

For a completely homogeneous pool, conditional on a credit-driver sce-
nario, the number, ν, of defaults in the interval (t0, ti], is binomially dis-
tributed with parameters K and π̂(1). With all recovery-adjusted notionals
being equal, say to N (1), the pool losses are given by L = νN (1). The ex-
pected tranche losses can then be written directly as:

(11)

where:

The important observation, for our approach, is that for a large pool
(that is, large K), we can approximate the binomial probabilities, Bin(k; K,
π̂(1)), with Poisson probabilities:

(12)

where λ̂ = Kπ̂(1). Thus, we can write down an expression similar to (11),
replacing the binomial probabilities with the Poisson ones. We will give
examples indicating the accuracy of the Poisson approximation, for values
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there have been exactly m defaults, the pool loss amounts to a sum of m
notional amounts, but we do not know who defaulted. This notional ran-
domness is captured (approximately) by f *m.

As we have seen, in the limiting case of a large pool with relatively
small default probabilities, the limiting distribution of ν is Pois(λ̂). From
(13), we then expect, in the general heterogeneous, large-pool case, to ob-
tain a result of the form:

Indeed, we have the following rigorous result, a proof of which can be
found in Iscoe & Kreinin (2004).
■ Theorem. For a large pool (K large), conditional on a credit-driver sce-
nario, we have the approximate equality in distribution:

(15)

where (N(m))K
m = 1 is a sequence of independent identically distributed ran-

dom variables, with common probability mass function f, and independent

L N
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of ν, the number of defaults in the pool up to time ti, which is approxi-
mately conditionally Poisson distributed:

More precisely:

(16)

Therefore, the expected cumulative losses absorbed by a tranche up to
time ti is:

(17)

The form of the right-hand side of the representation at (15) is called a
compound Poisson random variable. Thus, the accumulated pool-loss dis-
tribution, at a fixed time, is approximated by a compound Poisson distri-
bution. (In Iscoe & Kreinin, 2004, a stronger result is established: over time,
the pool-losses, L, are approximately a compound Poisson process.)

Accuracy and performance
Here, we report on three tests: the accuracy of the Poisson approxima-
tion in the completely homogeneous setting; a comparison of the results
of Monte Carlo estimation with that obtained using the analytical solu-
tions, in the heterogeneous setting; and some performance experiments,
pitting our analytic method against an industry standard method. In the
first two tests, the results of the computation of the premiums are round-
ed to the nearest integer number of basis points. Unless specific mention
is made otherwise, our numerical experiments share the following com-
mon features.

The time horizon T = 5 years and the premium dates are at one, two,
three, four and five years from today (t0 = 0). The interest rates are r1 =
4.6%, r2 = 5%, r3 = 5.6%, r4 = 5.8% and r5 = 6% (continuously compounded
actual/365). The corresponding discount factors are d1 = 0.955, d2 = 0.905,
d3 = 0.845, d4 = 0.792 and d5 = 0.741.

The recovery rate of the instruments in the pool is 30%. The risk-neu-
tral cumulative default probabilities, corresponding to two credit ratings,
will be taken from table A. (These probabilities were bootstrapped from
the credit spreads of CDSs.) The CDO structure is described in table B.
■■ Accuracy of the Poisson approximation: completely homoge-
neous case. We compare the results of premium computations using the
closed-form solution (11) and its Poisson approximation using (12), for
pools of various sizes. All credit-driver weights, β(k), are taken to be zero,
so that defaults among the names in the pool occur independently. There-
fore, there is no (implicit) x dependence in (11) and (12), and there is no
need for any numerical integration.

In table C, the premiums for the completely homogeneous pool con-
sisting of K names having common initial credit ratings Baa2 or Baa1 are
displayed. All notionals are equal to 100.

The premium for the super-senior tranche is 0bp in the table. The lat-
ter is explained by the fact that all the results of the premium computation
and simulation are rounded to the nearest integer basis-point value.

The key result is that, in the completely homogeneous case, the exact
solution presented in the ‘Binomial’ column of the table and the approxi-
mate one, presented in the ‘Poisson’ column, only differ by about 2–3bp,
or less. This result holds even for pools as small as 10 names. Statistical
estimation of the confidence intervals for the premiums shows that the
number of Monte Carlo scenarios required to obtain a confidence interval
of this size is equal to 6 × 107 when the number, K, of names in the pool
equals 100. In this case, the simulation time is more than 2,800 times greater
than the computation of the solution based on the Poisson approximation.
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Rating 1 yr 2 yr 3 yr 4 yr 5 yr
Baa2 0.0007 0.0030 0.0068 0.0119 0.0182
Baa3 0.0044 0.0102 0.0175 0.0266 0.0372

Tranche Attachment Detachment
Super-senior 12.1% 100%
Senior 6.1% 12.1%
Mezzanine 4% 6.1%
Mezzanine junior 3% 4%
Equity 0% 3%

K Tranche Baa2 premiums (bp) Baa1 premiums (bp)
Poisson Binomial Poisson Binomial

200 Senior 0 0 0 0
Mezzanine 0 0 0 0
Mezzanine jr 7 6 0 0
Equity 978 978 246 246

100 Senior 0 0 0 0
Mezzanine jr 43 41 0 0
Mezzanine 4 3 0 0
Equity 958 958 246 246

50 Senior 1 1 0 0
Mezzanine 29 27 0 0
Mezzanine jr 118 115 5 5
Equity 898 898 244 244

25 Super-senior 0 0 0 0
Senior 9 8 0 0
Mezzanine 114 112 11 11
Mezzanine jr 144 141 15 11
Equity 787 790 231 232

10 Super-senior 1 1 0 0
Senior 71 70 17 17
Mezzanine 342 344 100 100
Mezzanine jr 342 344 100 100
Equity 342 344 100 100

A. Risk-neutral cumulative default
probabilities (̂ππ(k)

i   ) of the instruments

B. CDO tranche structure (% of total notional)

C. CDO premiums: Poisson approximation
versus binomial analytics



Since the first row in table G represents a homogeneous pool, we can re-
place (17) with (14) when assessing relative performance. Doing so im-
proves the performance dramatically. In this case, the figures 0.54 and 1.57
drop to 0.37 and 0.4 respectively.

Comparison with other analytical methods
The most basic analytical approach calculates the conditional pool-loss
distribution as the convolution of all the reference names’ individual loss

■■ Accuracy of the Poisson approximation: heterogeneous case. We
compare the simulation results of a heterogeneous pool consisting of names
having non-zero correlation. Due to the heterogeneous nature of the pool,
the binomial solution is no longer applicable. In this case, we use stan-
dard Monte Carlo valuation as a benchmark for assessing the reliability of
the Poisson approximation. The pool consists of 40 names. The detailed
pool description is given in table D, in which the parameter kg denotes the
number of names having the same parameters.

To assess the accuracy of the Monte Carlo method, 100 independent
runs (with different seeds) of each experiment are made. Each Monte Carlo
run consists of 100,000 random samples. The mean of the 100 estimates
of each premium is calculated, as well as the 95% non-parametric confi-
dence interval.

Table E presents the approximate premiums and the simulated mean
premiums and confidence intervals. The approximate premiums are cal-
culated using the compound Poisson approximation. All approximate pre-
miums belong to the 95% confidence intervals. The results of this numerical
experiment show that even in the case of a more realistic pool composi-
tion (that is, heterogeneous, correlated names), the Poisson approxima-
tion continues to be a robust approach for the valuation of CDO tranches.
■■ Performance comparisons. Having shown the Poisson approximation
to be reliable in the case of heterogeneous pools, we now turn our atten-
tion to the performance benefits of using such an approach for valuing sin-
gle tranches. We compare the performance, in terms of the number of tranches
being evaluated, of three methods: our compound Poisson approximation
(CPA); an industry-standard analytic (ISA) method that relies on a determi-
nation of the complete pool-loss distribution; and the Monte Carlo method
(MC). Twenty-eight numerical experiments were carried out. They had the
following characteristics in common: 100 names in the pool, 100 single-step
market scenarios, and, for Monte Carlo pricing, 100,000 credit-driver sce-
narios. The distinguishing features among the experiments were: the num-
ber of homogeneous groups in the pool, which varied from one (completely
homogeneous) to seven; the degree of dispersion between those groups;
and the number of tranches being valued (that is, one, the senior tranche
with a thickness of 6% of total recovery-adjusted notional, or four, with a
combined thickness of 12.125% of total recovery-adjusted notional). The
groups were (roughly) the same size for each experiment. The precise cor-
respondence between the experiments and the degree of dispersion is sum-
marised in table F, which displays the notionals used in each experiment.

The calculations were done with a single 1.5 GHz Pentium M proces-
sor and 512MB RAM. The results of the experiments are shown in table G.
It compares the relative performance of CPA and ISA, in terms of the ratio
of computation times: CPA over ISA. (Thus, for an entry r, if r < 1, then
CPA is faster than ISA, by a factor of 1/r; if r > 1, then ISA is faster than
CPA, by a factor of r.) The time for Monte Carlo pricing was the same for
all 28 experiments and, compared with the most efficient analytical meth-
ods, was about 115 times slower than the fastest case (single tranche, ho-
mogeneous pool, using CPA), and about 13 times slower than the slowest
case (four tranches, four or five groups, high dispersion, using CPA).

The conclusion from these experiments is unequivocal. For a single
tranche, the compound Poisson approximation is the most efficient
method in the presence of low notional dispersion and in most of the
high-dispersion cases. The relative performance advantage for the low-
dispersion cases is around 2.5, except in the homogeneous case (1.8).
In the presence of high dispersion, when CPA has the advantage, it
ranges from about one to 1.5.

For the valuation of several tranches: the two methods are about equiv-
alent in the low-dispersion setting, except in the homogeneous case where
the industry standard method has a 50% performance advantage over the
compound Poisson approximation. In the high-dispersion setting, the in-
dustry standard method is the most efficient; the performance advantage
ranges between about 1.5 to three times that of the compound Poisson
approximation.

It should be noted that table G is based on the generic result in (17).
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Notional Initial CR β(k) kg
10 Baa2 0.5 2
10 Baa3 0.5 1
10 Baa2 0.6 2
10 Baa3 0.6 2
10 Baa3 0.7 2
10 Baa3 0.8 1
20 Baa3 0.5 3
20 Baa2 0.6 4
20 Baa3 0.6 3
30 Baa2 0.5 7
30 Baa3 0.5 3
70 Baa1 0.4 4
70 Baa2 0.4 3
70 Baa3 0.5 3

Tranche Poisson Monte Carlo 95% CI
Super-senior 3 3 [3, 4]
Senior 110 109 [106, 112]
Mezzanine 285 286 [279, 294]
Mezzanine jr 392 394 [385, 406]
Equity 736 742 [733, 756]

No. of groups Low dispersion High dispersion
1 70 na
2 60, 70 10, 70
3 50, 60, 70 10, 60, 70
4 40, 50, 60, 70 10, 20, 60, 70
5 30, 40, 50, 60, 70 10, 20, 30, 60, 70
6 20, 30, 40, 50, 60, 70 10, 20, 30, 50, 60, 70
7 na 10, 20, 30, 40, 50, 60, 70

No. of One tranche (6%) Four tranches (12.125%)
homo- Low High Low High
geneous dispersion dispersion dispersion dispersion
groups of notionals of notionals of notionals of notionals
1 0.54 na 1.57 na
2 0.40 1.22 1.05 3.10
3 0.43 1.11 1.01 2.70
4 0.36 0.93 0.88 2.23
5 0.43 0.80 0.99 1.91
6 0.48 0.70 1.08 1.63
7 na 0.65 na 1.49

D. Pool of correlated instruments

E. Tranche premiums (bp): Poisson
approximation versus Monte Carlo

F. Recovery-adjusted notional selection for
experiments

G. Performance ratios: CPA time over ISA time



distributions, the latter being very simple – zero or recovery-adjusted
notional, with complementary probabilities. It was proposed by Laurent
& Gregory (2003) that the convolutions be calculated using the fast Fouri-
er transform (FFT). Numerical integration of the conditional pool-loss
distribution yields the unconditional one. Finally, the expected tranche
loss is calculated from the latter distribution via the transformation (2):
E[L] = Σl ψ(l)P(L = l).

Alternatively, Hull & White (2003) propose an analytical approach to
the valuation of CDOs with the homogeneous restriction of common re-
covery-adjusted notionals in the pool (although possibly distinct default
probabilities). The calculations reduce to a recursion relation to determine
the conditional distribution of the number of defaults in the pool. Numer-
ical integration of the conditional pool-loss distribution yields the uncon-
ditional one. In the heterogeneous case, using a bucketing and convolution
technique, the results from homogeneous subgroups can be combined to
yield the full pool-loss distribution. Finally, the expected tranche loss is
obtained as in the previous approach.

Merino & Nyfeler (2002) describe a semi-analytic method in the broad-
er setting of a very large credit portfolio with a very general default cor-
relation model. Recovery rates are all zero. They first determine the
conditional loss distribution on homogeneous sub-portfolios (buckets) via
a Poisson approximation, in the same spirit as our rigorous approxima-
tion in the proposition. The results on buckets are combined via convo-
lution, using the FFT. The unconditional distribution is then calculated via
quasi-Monte Carlo integration. (Actually, they propose an overlap of the
last two steps: the forward discrete Fourier transforms are multiplied to-
gether, then quasi-Monte Carlo integrated before the inverse discrete Fouri-
er transform is taken.)

As stated previously, the common theme among these analytical ap-
proaches is the determination of the complete pool-loss distribution prior
to handling the tranches. We proposed an alternative approach that fo-
cuses attention on only that part of the distribution that is pertinent to a
particular tranche (see figure 1).

The approach taken in Andersen, Basu & Sidenius (2003) has some
overlap with ours, in that the entire pool-loss distribution is not derived
for pricing a single tranche (see (17) in Andersen, Basu & Sidenius). A
bucketing and convolution method is used, one name at a time, to calcu-
late the pool loss distribution in the required range (see (10) in Andersen,
Basu & Sidenius). As stated by those authors, the computational complexity
of their method is generally quadratic in the number of names in the pool.
This will be the case with any method that focuses on the pool-loss dis-
tribution by a direct (convolution) method. In contrast, both the method
in Hull & White (2003) and our method focus on the distribution of the
number of defaults in the pool. The computational complexity of this ap-
proach is only linear in the number of names in the pool, and therefore
our method is faster, especially for pricing a single tranche.

Conclusion
CDO valuation continues to be a hot topic among practitioners and acad-
emics. Monte Carlo valuation methods, despite being general, are not prac-
tical for risk management applications due to their performance constraints.
Many of today’s analytical methods for valuing CDO tranches are signifi-
cantly faster than traditional Monte Carlo methods, but ignore the fact that
investors often only hold single tranches in a given CDO pool. In these
cases, applying a compound Poisson approach to derive tranche loss dis-
tributions directly, without the need for deriving the entire pool’s loss dis-
tribution, can result in performance speed-ups of the order of two to three
times above the speed of competing analytical valuation methods. ■
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